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Algebra: Lesson 9A

Think of two operations

In this pair of function machines, the operations ×3 and +10 
have been swopped round.

The difference in the outputs is always 20.

Find another pair of function machines 
• involving a multiplication and an addition, and
• where the operations are swopped round, and
• where the difference in the outputs is always 20. 

Outline of the lesson
1.	 Remind	the	class	of	the	function	machines	×3,	+10	and	+10,	×3	

from	lesson	2B	and	the	constant	difference	of	20	in	the	outputs.	

2.	 Ask	the	class	to	find	another	pair	of	function	machines	×A,	+B	
and	+B,	×A	where	the	difference	in	the	outputs	is	always	20.		
•	 Let	students	work	on	the	task	in	small	groups.
•	 List	students’	results.	

3.	 Choose	a	correct	pair	of	functions,	eg	×2,	+20	and	+20,	×2.		
Why	is	the	difference	in	the	outputs	always	20?	
•	 Ask	the	class	for	reasons.		

Record	using	open	expressions	or	diagrams.

4.	 Use	a	Cartesian	graph	to	represent	inputs/outputs	for	the	chosen	
pair	of	function	machines.	
•	 Discuss	features	of	the	graph.	“Where	is	the	constant	diference?”
•	 Discuss	what	the	graphs	of	other	correct	pairs	of	functions	from		

Part	2	would	look	like.

5.	 Explain	why	order	matters.
•	 Ask	the	students	in	pairs	to	explain	to	a	younger	student	why	the	

order	of	operations	matters,	using	pictures	or	stories.
•	 Discuss	their	ideas.	Which	are	the	best	explanations?	Why?

Summary
In	this	lesson,	we	again	examine	the	effect	of	changing	the	order	of	two	operations	(a	multiplication	and	an	
addition).	We	look	for	pairs	of	function	machines	where	the	difference	in	the	outputs	is	always	20,	as	with	one	
of	the	pairs	from	Lesson	2B.	
The	aim	is	to	consolidate	ideas	first	met	in	Lessons	2A	and	2B	and	re-visited	in	other	lessons.	To	further	this,	
we	again	make	use	of	open	and	algebraic	expressions	(some	with	brackets)	and	Cartesian	graphs.	
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Algebra: Lesson 9A    Think of two operations (continued)

Overview

Students’ mathematical experiences
Students	should	realise	that
•	 when	multiplication	and	addition	are	combined,	the	
order	matters

•	 multiplication	is	distributive	over	addition.

Students	may	discover
•	 ideas	can	be	expressed	in	different	ways:	in	words,	
using	‘open’	expressions,	symbolic	algebra,	
diagrams	and	Cartesian	graphs

Students	may	express	their	ideas	in	different	ways,	
including
•	 using	diagrams	and	graphs
•	 using	words
•	 using	‘open’	expressions.

Adapting the lesson
You	might	extend	the	lesson	by	choosing	a	function	×A,	+B	and	asking	students	to	find	another	function,	+C,	×A,	which	
always	has	the	same	output.	
For	example,	the	equivalent	of		×2,	+20		is		+10,	×2	[ie	the	equivalent	of		2n +	20		is		2(n +	10)].
Similarly,	the	equivalent	of		×5,	+5		is		+1,	×5	[ie	the	equivalent	of		5n +	5		is		5(n +	1)].

The	equivalent	expressions	can	be	found	by	trial	and	improvment,	or	by	manipulating	formal	expressions,	or	by	something	
inbetween	(eg	through	insight	into	the	effect	of	adding	then	multiplying).

Mathematical ideas
The	lesson	provides	more	experience	of	using	‘open’	expressions	and	Cartesian	graphs	to	examine	the	distributive	law.
The	constant	difference	between	the	function	machines	+10,	×3	and	×3,	+10	can	be	expressed	algebraically	as	follows:	
(n+10)×3	–	(n×3+10)	=	10×(3–1).	Similarly,	the	difference	between	the	function	machines	+20,	×2	and	×2,	+20	is	
20×(2–1).	More	generally,	the	difference	between	+a,	×b	and	×b,	+a	is	ab –	a		or		a(b –	1).

Key questions
How	do	you	know	that	…?

Can	you	use	‘open	expressions’	to	show/explain	the	
constant	difference	rule?	Can	you	use	‘algebra’?

Assessment and feedback
This	lesson	has	much	in	common	
with	earlier	lessons	on	‘understanding	
expressions’,	including	work	on	
comparing	expressions,	forming	
expressions	and	manipulating	
expressions.	In	particular,	it	picks	up	
ideas	from	Lesson	2A	(Order	matters)	
and	Lesson	2B	(Think	of	a	number).

You	might	want	to	find	out	what	
students	can	remember	from	these	
lessons	-	spontaneously	and	with	
prompts	as	necessary	from	you.

It	is	worth	remembering	that	even	at	
this	stage,	different	students	will	engage	
with	these	ideas	differently.	Some	may	
still	want	to	focus	on	the	results	of	
calculating;	others	may	be	making	some	
sense	of	the	structure	of	the	situation,	
and	be	able	to	talk	about	this	in	general	
terms,	or	by	means	of	diagrams	and	
graphs,	or	numbers	used	generically	or	
algebraic	symbolisation.	Try	to	draw	
out	all	these	approaches,	and	use	each	
to	illuminate	the	others.
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Algebra: Lesson 9A    Think of two operations (continued)

Outline of the lesson (annotated)

1.	 Remind	the	class	of	the	function	machines		
×3,	+10	and	+10,	×3	from	lesson	2A	and	the		
constant	difference	of	20	in	the	outputs.	

2.	 Ask	the	class	to	find	another	pair	of	function	
machines	×A,	+B	and	+B,	×A	where	the	difference	
in	the	outputs	is	always	20.		
•	 Let	students	work	on	the	task	in	small	groups.
•	 List	students’	results.	

3.	 Choose	a	correct	pair	of	functions,	eg	×2,	+20		
and	+20,	×2.		
Why	is	the	difference	in	the	outputs	always	20?	
•	 Ask	the	class	for	reasons.		

Record	using	open	expressions	or	diagrams.

4.	 Use	a	Cartesian	graph	to	represent	inputs/outputs		
for	the	chosen	pair	of	function	machines.	
•	 Discuss	features	of	the	graph.		

“Where	is	the	constant	diference?”
•	 Discuss	what	the	graphs	of	other	correct	pairs	of	

functions	from	Part	2	would	look	like.

5.	 Explain	why	order	matters.
•	 Ask	the	students	in	pairs	to	explain	to	a	younger		

student	why	the	order	of	operations	matters,	using	
pictures	or	stories.

•	 Discuss	their	ideas.	Which	are	the	best	explanations?	
Why?

Ask	students	about	what	they	found	in	lesson	2A,	but	
don’t	go	into	the	reasons	again	at	this	stage.

There	are	6	possible	whole-number	values	for	A	and	B:
2	and	20		(giving		×2,	+20		and		+20,	×2)
3	and	10
5	and	5
6	and	4
11	and	2
21	and	1.
There	are,	of	course,	infinitely	many	fractional	values		
(eg	1.5	and	40).

Students	might	spot	a	relationship	between	A	and	B 
[which	can	be	expressed	formally	as	(A –	1)B =	20],	
but	don’t	focus	on	this	here.

Choose	a	pair	where	the	multiplier	is	relatively	small		
(×2	or	×5),	so	that	the	gradient	of	the	subsequent	graphs		
is	not	too	steep.

For	example,
•	 the	points	lie	on	straight	lines	
•	 the	lines	are	parallel	
•	 the	lines	have	a	slope	of	A
•	 the	vertical	distance	between	the	lines	is	B.
Discuss	reasons	for	some	of	these	observations.
What	happens	when	the	input	is	large,	or	0,	or	negative?

Ask	students	to	sketch	these,	and	to	compare	them	with	a	
neighbour’s	(the	sketches	may	be	far	from	perfect).

If	students	find	this	difficult,	ask	“Can	you	alter	one	of	the	
explanations	on	the	board?”

For	example,	consider	×2,	+20		and		+20,	×2:	
for	an	input	of	9999,	say,	we	can	write
9999×2	+	20	and	(9999+20)	×	2;
for	an	input	of	N,	say,	we	can
write	2N	+	20	and	2(N	+	20),
or	we	can	draw	a	pair	of	
diagrams	like	these:

N

N

20

20
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Algebraic structure and the laws of arithmetic
In	this	lesson	we	again	examine	how	multiplication	and	
addition	interact.	Order	matters	for	this	pair	because	
multiplication	is	distributive	over	addition:
(100+10)	×	3	=	100×3	+	10×3		rather	than		100×3	+	10.
Similarly,	(x	+	b)	×	a		is	equivalent	to		ax	+	ab,		not		ax	+	b.

Explanation and proof, in words and symbols
In	this	lesson	we	again	compare	outputs	of	the	form	ax	+	b	
and	(x	+	b)a.	

Their	difference	is	b(a	–	1),	which	can	of	course	be	proved	
algebraically:
(x	+	b)a	–	(ax	+	b)	=	ax	+	ab	–	ax	–	b	=	ab	–	b	=	b(a	–	1).

We	move	tentatively	towards	such	a	proof	in	this	lesson	by	
encouraging	students	to	make	general	arguments	supported	
by	the	use	of	open	expressions	or	diagrams	(see	page	3).

However,	we	should	also	be	receptive	to	explanations	
expressed	in	words,	and	to	explanations	that	may	still	be	
imprecise	or	incomplete.	Our	explanations	are	rarely	as	
good	as	we	would	like	them	to	be	at	a	first	attempt,	and,	
with	regards	to	this	lesson,	having	some	feel	or	insight	
into	the	effect	of	changing	the	order	of	operations	is	more	
important	than	coming	up	with	a	formal	explanation.

Order, the commutative law and BODMAS
It	is	likely	that	some	students	will	have	difficulties	with	
order	when	recording	and	reading	the	expressions	at	the	
heart	of	these	function	machines.	The	standard	way	of	
writing	the	function	machine	+4,	×6,	say,	is	6(n+4),	rather	
than	(n+4)6.	Note	that	a	naïve,	left	to	right,	reading	of	
6(n+4)	might	be	“multiply	by	6	and	add	4”,	which	actually	
refers	to	the	different	function	machine	×6,	+4,	or	6n+4.	
Note,	too,	that	we	could	also	write	6n+4	as	4+6n,	or	even	
as	4+n×6	or	4+n6.	

These	alternatives	arise	from	the	fact	that	addition	and	
multiplication	are	commutative.	It	is	worth	periodically	
taking	an	open/algebraic	expression	and	considering	other	
legitimate	formulations.

Some	students	may	mention	BODMAS	or	BIDMAS.	
These	mnemonics	are	very	particular	to	the	UK	but	don’t	
always	work	because	they	are	oversimplifications.	Thus	
while	BODMAS	might	correctly	tell	us	that	2+3×4	means	
2+12,	not	5×4,	it	might	lead	us	to	interpret	6×8÷4	as	6×2	
rather	than	the	conventional	left-to-right	interpretation	
of	48÷4.	BODMAS	in	arithmetic	does	not	appear	to	help	
students’	understanding	of	algebra	because	it	encourages	
students	to	see	the	‘open’	expressions	commonplace	in	
algebra	as	incomplete	and	still	needing	to	be	‘done’.

Algebra: Lesson 9A    Think of two operations (continued)

Background

Variables and parameters
It	is	worth	being	aware	that	we	are	working	with	two	kinds	
of	variable	here,	or	rather	with	variables	and	parameters.	

Thus,	when	we	refer	to	a	function	x	→	Ax	+	B,	we	are	
thinking	of	x	as	a	variable	and	A	and	B	as	parameters.	It	is	
unlikely	that	you	will	want	to	pursue	this	distinction	with	
your	students,	though	you	might	want	to	touch	on	it	with	
some	of	them.

Same and different
In	this	lesson	we	build	on	Lesson	2A	by	changing	the	
functions	but	keeping	the	difference	in	output	the	same	(in	
this	case,	a	difference	of	20).	By	encouraging	students	to	
notice	what	stays	the	same	and	what	is	different,	it	is	hoped	
that	this	kind	of	‘controlled’	variation	in	the	tasks	will	help	
students	see	structure.	A	further	variation	is	introduced	in	
one	of	the	peer	assessment	tasks	(Task	P),	where	the	pairs	
of	functions	produce	a	difference	in	output	of	21.

Yet	another	variation	occurs	in	the	suggested	extension	
task	involving	equivalent	expressions	(see	page	2).

Students use and interpret Cartesian graphs
The	graphs	for	these	functions	are	not	particularly	easy	
to	draw	accurately,	because	the	outputs	tend	to	be	large	
and	so	the	scale	used	for	the	y	axis	has	to	be	large.	Thus	
you	might	want	to	focus	more	on	sketching	graphs	than	
drawing	them	accurately.	A	virtue	of	sketching	is	that	
rather	than	simply	‘observing’	a	carefully	drawn	graph,	
students	have	to	argue	about	what	the	graphs	should	look	
like.


