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Algebra: Lesson 7B

Expressions and function machines

Task 1 Look at this 
  expression: 

  What is its value  
  when e = 4 ?

Outline of the lesson

1. Evaluate a complex expression.
• Present the expression in Task 1.  

Ask students to evaluate the expression for e = 4. 
Write some of their answers on the board. 

• Ask students to solve Task 2a. Discuss. 
Ask students to solve Task 2b. Discuss. 

2. Use function machines for expressions.
• Present the function machine in Task 3. 

Ask students to find the output (4.5) for an input of 4.  
Discuss why the expression and function machine  
are equivalent.

• Present the function machine in Task 4.   
Ask students to find the output (19) for an input of 4. 

3. Write function machines as expressions.
• Ask students to solve Task 5.  

Write some of their expressions on the board. 
Show how the expression can be built-up step by step. 
Use standard notation but make links with students’  
notation. 

• Ask students to solve Task 6a. Discuss. 
Ask students to solve Task 6b. Discuss.

4. Create an equation and find ways to solve it. 
• Give a value to the expression in Part 3, eg 25.  

Estimate the value of e in the resulting equation.
Ask students to solve the equation in at least 2 ways  
(eg the ‘cover up’ method and trial and improvement)

Summary

Here we focus on expressions in one variable involving several operations. We consider the conventions used 
to write such seemingly complex expressions and how these convey the order in which the operations are to be 
carried out. We use the notion of a function machine to help make the order explicit. 
We evaluate an expression and explore what happens when we shuffle the numbers or shuffle the operators. 
Finally we try to find the value of the variable for a specific value of the expression, ie we consider ways of 
solving the resulting equation (ie an equation where the variable appears just once, but in a complex expression). 
Note, however, that in this lesson we leave to one side the more demanding issues of how operations interact, 
and how a complex expression can be transformed into equivalent expressions. 
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3(e + 11) – 7
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Task 3 
This function machine is another way of writing the earlier expression:

input  →  ×3  →  +11  →  ÷2  →  –7  →  output
Use a calculator. Check the output for an input of 4.

Task 4 
Here we have shuffled the operations from Task 2.  
What is the output when the input is 4 ?

input  →  +11  →  ×3  →  –7  →  ÷2  →  output

Task 5 
Write the function machine 
in Task 3 as an expression. 
Use e for the input.

Task 2 
a. Estimate the value of the expression for e = 100.
b.  Swop two numbers in the expression, eg 3 and 2: 
 For e = 100, which swops have a large effect on the 
 value, and which have relatively little effect?

Task 6 
a. Estimate the value of the new expression for e = 100.
b.  Swop two numbers in the expression, eg 3 and 2: 
 For e = 100, which swops have a large effect on the 
 value, and which have relatively little effect?

2(e + 11) – 7
3

– 72e + 11
3

Note: These materials are the subject of ongoing research and are made available on request to teachers 
as draft trial materials only.  Please send feedback to Jeremy.Hodgen@kcl.ac.uk or Dietmar.Kuchemann@kcl.ac.uk



© ICCAMS 2012page 2

FOR TRIAL ONLY

Algebra: Lesson 7B    Expressions and function machines (continued)

Overview

Students’ mathematical experiences
The students should …

• gain experience of evaluating quite complex expressions

• realise that expressions can often be evaluated in a 
straightforward, step-by-step manner

• realise that for (some) expressions we can use a function 
machine to record the order of operations

• gain further experience of solving equations in different 
ways, including ‘reversing’ a function machine.

Adapting the lesson
Depending on the class, you might want to use slightly simpler or more complex expressions. 
Or you might want to explore further the effect of changing the order of the four given operators ×3, +11, ÷2, –7. 
Interestingly, the resulting expressions are all equivalent to expressions of the form 1.5e + k, so their relative values 
are the same for any value of e. This is in contrat to expressions we’ve looked at in other lessons, such as 3n and n+3. 
Thus, when we represent them on a Cartesian graph, they produce parallel lines (ie lines that don’t intersect).

Assessment and feedback
Do students know what the fraction bar 
means? And that its ‘scope’ depends on 
the terms that are immediately above 
and below it?
What do students know about the 
conventions for determining the order 
of operations? (For example, the left 
to right rule, the various precedence 
rules, the use of brackets including the 
fraction bar?)

Mathematical ideas
Here students gain experience of evaluating algebraic expresssions involving several operations. They thus need to be 
able to discern the ‘scope’ of each operation, ie that part of an expression to which a specific operation applies. This 
involves being able to read notation such as the fraction bar and the precise positioning of this and other operation 
symbols. It also invovles knowledge of the conventional order in which operations are to be performed, for example 
that we tend to perform operations from left to right but that multiplication and division have precedence over addition 
and subtraction. 

In this lesson we use expressions involving quite a large number of operations, in the belief that this will only 
marginally increase the difficulty of deciphering them while greatly increasing students’ satisfaction in doing so. 
However, it is important to bear in mind that evaluating an expression is likely to be more straightforward than 
transforming it (by for example expanding brackets and simplifying). Thus success at this does not necessarily mean 
that students have a good understanding of how operations interact or how expressions can be transformed.

Key questions
To evaluate the expression, what operation do you do first, ... 
second, ... last?

In the expression, which numbers have the greatest effect 
when e is large, or when e is small (close to zero)?
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Algebra: Lesson 7B    Expressions and function machines (continued)

Outline of the lesson

1. Evaluate a complex expression.
• Present the expression in Task 1.  

Ask students to evaluate the expression for e = 4. 
Write some of their answers on the board. 

• Ask students to solve Task 2a. Discuss. 
 
Ask students to solve Task 2b. Discuss. 

2. Use function machines for expressions.
• Present the function machine in Task 3. 

Ask students to find the output (4.5) for an input of 4.  
Discuss why the expression and function machine  
are equivalent.

• Present the function machine in Task 4.   
Ask students to find the output (19) for an input of 4. 

3. Write function machines as expressions.
• Ask students to solve Task 5.  

Write some of their expressions on the board. 
Show how the expression can be built-up step by step. 
Use standard notation but make links with students’  
notation. 

• Ask students to solve Task 6a. Discuss. 
Ask students to solve Task 6b. Discuss.

4. Create an equation and find ways to solve it. 
• Give a value to the expression in Part 3, eg 25.  

Estimate the value of e in the resulting equation.
Ask students to solve the equation in at least 2 ways  
(eg the ‘cover up’ method and trial and improvement)

Check that students know what the fraction bar means.

A quick/rough estimate will do, eg 150.

The wording here is deliberately vague. Swopping 3 with 
11, and 11 with 2 both have a ‘large’ effect (though it 
would be quite a challenge to determine which is actually 
the larger). Swopping 11 with 7 has a small effect. Other 
swops (eg 3 with 7) will be somewhere in between ...

The (simple) key to evaluating the expression is to ‘work 
outwards’ from e, ie to start with the operation most 
directly acting on e. Interestingly, the algebraic notation 
helps here, since it is obvious that the 3 is ‘closer’ to e 
than the 11. This is not obvious in an arithmetic statement 
like 3×4+11, where students would have to know the 
convention that × takes precedence over +.

If you want to push students away from simple trial and 
improvment towards something more analytic (eg the 
cover up method), choose a value for the expression  
(eg 26) such that e is not a whole number.

So write e, 
then e + 11, 
then 3(e + 11), 
then 3(e + 11) – 7, 
and finally the expression 

 

3(e + 11) – 7
2 .

.



© ICCAMS 2012page 4

FOR TRIAL ONLY

A single string of operators 
Note that in this lesson we are only considering 
expressions that are composed of a single ‘string’ of 
operators, ie that can be represented as a function machine 
with no branches. Such expressions can be evaluated in 
a step by step way, with no need to ‘store’ intermediate 
calculations, in contrast to an expression like this:

Note also that this means that any resulting equations (as 
in Step 4) can be solved in a step by step manner, eg by 
‘reversing’ the corresponding function machine.

Self inverse operators
We have also not used self inverse operators such as 
‘subtract from 7’ or ‘divide into 2’ as occur in this 
expression. It is not so simple to represent such expressions 
with a function machine or to understand how to run the 
function machine in reverse.

Transforming expressions
We could transform our original expression in various 
ways and thereby perhaps simplify it, as in these two 
examples:

This involves an understanding of the ways the various 
operations interact (for example that division is distributive 
over addition/subtraction). This is likely to be more 
demanding than simply evaluating the expression, which is 
what we concentrate on in this lesson.

Algebra: Lesson 7B    Expressions and function machines (continued)

Background

Solving equations
We can solve the equation in 
Step 4 in various ways. Trial 
and improvement works quite 
well here: the solution is a 
fairly small whole number (e = 8), and feedback is very 
direct (if the left hand side of the equation is too small/big, 
then e is too small/big). However, it can involve a lot of 
steps and is thus not likely to be efficient.

The cover up method would work like this: 
‘something’ divided by 2 is 25, so ‘something’ is 50;
‘something’ minus 7 is 50 so ‘something’ is 57;
3 times ‘something’ is 57, so ‘something’ is 19;
‘something’ plus 11 is 19, so ‘something’ is 8.

This has close parallels with ‘undoing’ the operations by 
running the corresponding function machine in reverse: 
input  →  +11  →  ×3  →  –7  →  ÷2  →  output

       8  ←  –11  ←  ÷3  ←  +7  ←  ×2  ←  25

It also has parallels with applying these inverse operations, 
one by one, to both sides of the equation. It thus prepares 
the ground for a formal approach:

We can also use matching, by making the right hand side 
of the equation look progressively more like the left, 
as shown below. This too has parallels with the formal 
approach.
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3(e + 11) – 7
2 = 25

3×(8 + 11) – 7
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3×19 – 7
2

57 – 7
2

50
2

25

3(e + 11) – 7
2

= 25

3(e + 11) – 7 = 50

3(e + 11)  = 57

e + 11  = 19

e = 8  

[×2]

[+7]

[÷3]

[–11]


