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Algebra: Lesson 4B

Midpoints

Choose one of these two 
diagrams.

P is the midpoint of the 
straight line AB.

Find the coordinates of P.

Outline of the lesson

1.	 Present	the	task.	Ask	the	class	which	diagram	they	want	to	use.	
•	 Ask	students	to	work	on	the	task	in	small	groups.

Ask	students	to	explain	how	they	got	their	answer.

2.	 Make	up	a	related	task,	for	example:	
•	Find	the	midpoint	of	AP.
•	B	is	the	midpoint	of	AC.	Find	the	coordinates	of	C.
•	AB	is	the	side	of	a	square.	Find	the	other	two	vertices.
•	AB	is	the	diagonal	of	a	square.	Find	the	other	two	vertices.
•	Imagine	moving	B	10	units	to	the	right.	What	happens	to	P?

•	 Ask	students	to	solve	the	task	and	explain	their	answers.

•	 Ask	students	to	make	up	related	tasks.	
Choose	one	for	the	class	to	solve.	

3.	 Find	a	rule.	
•	 Choose	a	midpoint	task	that	the	class	has	tackled.

Ask	students	to	come	up	with	a	general	rule	for	finding	the	
coordinates	of	the	midpoint,	given	the	coordinates	of	the	endpoints.

•	 Look	for	an	alternative	(version	of	the)	rule.
What	if	A	has	coordinates	(e,	f)	and	B	has	coordinates	(m,	n)?
How	can	we	express	the	rule?
How	can	we	show	that	the	alternative	versions	are	equivalent?

•	 Find	a	function	rule	x	→	y	that	fits	the	three	points.

Summary

In	this	lesson,	we	consider	points	on	a	Cartesian	graph,	and	use	the	given	coordinates	of	points	to	find	the	
coordinates	of	other	geometrically	defined	points,	such	as	midpoints	or	vertices	of	a	square.	

We	look	for	general	rules	for	the	coordinates	of	such	points,	and	for	functional	relationships	between	the	x	and	
y	coordinates	of	sets	of	points.
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Algebra: Lesson 4B    Midpoints (continued)

Overview

Students’ mathematical experiences
Students	may	discover	some	aspects	of	the	following

•	 geometric	properties	can	be	used	to	visualise	the	position	
of	a	point,	but	also	to	calculate	the	precise	values	of	its	
coordinates

•	 it	is	possible	to	make	problems	easier	or	harder

•	 there	are	different	(but	equivalent)	calculation	rules	for	
finding	midpoints	(and	other	points)

•	 the	rules	can	be	described	in	words,	with	numbers	acting	
as	quasi-variables,	or	with	letters	standing	for	numbers

•	 algebraic	expressions	can	be	manipulated	to	show	
whether	they	are	equivalent

for	some	families	of	points	(eg	points	on	a	straight	
line)	we	can	find	a	rule	connecting	each	point’s	x	and	y	
coordinates.

Adapting the lesson
There	is	plenty	of	scope	for	you	(and	the	students)	to	adapt	the	lesson	by	modifying	the	tasks	used,	and	by	inventing	
related	tasks.	There	is	also	scope	to	decide	how	to	describe	the	rules	students	come	up	with,	for	example	whether	to	use	
verbal	descriptions,	or	quasi-variables	or	create	full-bown	algebraic	expressions.
In	discussing	how	to	find	the	coordinates	of	midpoints,	it	might	help	to	discuss	ways	of	finding	the	mean	of	two	
numbers.	In	the	case	of	a	pair	of	numbers	like	5	and	12,	or	30	and	100,	one	might	simply	sum	the	numbers	and	divide	
by	two.	However,	for	the	pair	237	and	243,	it	might	be	simpler	to	halve	the	difference	and	add	this	to	237	(or	subtract	it	
from	243).	Line	diagrams	(representing	heights,	say)	might	help	here	too.

Assessment and feedback
It	is	important	that	students	express	a	
range	of	rules	and	methods.	Observe	
the	students	working	in	groups	to	
identify	these	different	approaches.

You	can	increase	the	proportion	of	
students	answering	questions	by	using	
‘wait-time’	after	asking	a	question.	Wait	
for	3	to	5	seconds	before	choosing	a	
student	to	respond.

Students	can	give	feedback	to	each	
other.	For	example,	you	might	suggest	
that	a	student	tries	to	improve	another	
student’s	explanation,	or	asks	another	
student	directly	to	repeat	their	response:	
“Billy,	you	could	ask	Sian	to	explain	
their	idea	again”.

Mathematical ideas
Here	we	use	the	geometric	properties	afforded	by	a	Cartesian	graph	(ie	properties	of	2D	Euclidean	geometry)	to	find	
the	coordinates	of	points,	in	particular	for	the	point	midway	between	two	given	points.	One	method	is	to	consider	
the	mean	of	the	given	x	coordinates	(and	the	given	y	coordinates);	another	is	to	use	a	‘vector’	approach,	ie	to	
consider	the	move	necessary	to	get	from	one	given	point	to	halfway	to	the	other	given	point.	Some	may	use	a	‘trial	
and	improvement’	approach	to	work	their	way	to	the	midpoint.	The	work	can	easily	be	extended	to	other	geometric	
situations,	such	as	vertices	of	a	square.

The	lesson	provides	another	incentive	for	constructing	and	
manipulating	algebraic	expressions,	for	example	to	show	that	
expressions	like	these	are	equivalent	(for	x	coordinates	e	and	m):

Key questions
How	could	we	make	this	problem	easier/harder?

Is	there	a	rule	that	works	for	any	numbers	(coordinates)?

How	can	we	express	the	rule?

How	can	we	change	‘this’	open	expression	into	‘that’	open	
expression?

m + e
2

m – e
2

e + m – e
2

m –
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Algebra: Lesson 4B    Midpoints (continued)

Outline of the lesson (annotated)

1.	 Present	the	task.	Ask	the	class	which	diagram	they	
want	to	use.	

•	 Ask	students	to	work	on	the	task	in	small	groups.
Ask	students	to	explain	how	they	got	their	answer.

2.	 Make	up	a	related	task,	for	example:	
•	Find	the	midpoint	of	AP.
•	B	is	the	midpoint	of	AC.	Find	the	coordinates	of	C.
•	AB	is	the	side	of	a	square.	Find	the	other	two	vertices.
•	AB	is	the	diagonal	of	a	square.	Find	the	other	two	vertices.
•	Imagine	moving	B	10	units	to	the	right.	What	happens	to	P?

•	 Ask	students	to	solve	the	task	and	explain	their	
answers.

•	 Ask	students	to	make	up	related	tasks.	
Choose	one	for	the	class	to	solve.	

3.	 Find	a	rule.	
•	 Choose	a	midpoint	task	that	the	class	has	tackled.

Ask	students	to	come	up	with	a	general	rule	for	finding	
the	coordinates	of	the	midpoint,	given	the	coordinates	
of	the	endpoints.

•	 Look	for	an	alternative	(version	of	the)	rule.
What	if	A	has	coordinates	(e,	f)	and	B	has	
coordinates	(m,	n)?
How	can	we	express	the	rule?

How	can	we	show	that	the	alternative	versions	are	
equivalent?

•	 Find	a	function	rule	x	→	y	that	fits	the	three	points.

We	are	interested	in	methods	as	much	as	answers,	but	we	
will	look	at	methods	more	closely	in	Part	3	when	we	try	to	
find	general	rules.

The	first	version	of	the	task	(first	diagram)	can	be	solved	
visually	rather	than	‘analytically’.	If	the	class	used	the	first	
version,	try	to	move	them	towards	a	task	like	the	second	
one.

Here	we	need	a	rule	for	the	x	coordinate	and	a	separate	
(though	similar)	rule	for	the	y	coordinate.	
The	rule	is	rather	different	from	our	usual	rules	in	that	it	involves	
two	inputs	(or	‘independent	variables’)	rather	than	one.	We	might	
want	to	call	the	rule	a	formula.

Students	might	express	the	rule	verbally,	or	in	terms	of	
specific	numbers	(quasi-variables),	or	in	terms	of	general	
coordinates.

Consider	the	rule	for	the	x	coordinate	of	the	midpoint.
(The	y	coordinate	can	be	found	in	a	similar	way.)
One	approach	is	to	find	the	mean	of	the	x	coordinates	of	A	
and	B:		xP	=	(m	+	e)/2.
Another	approach	is	to	consider	the	movement	(in	the	
direction	of	the	x	axis)	needed	to	get	from	A	to	B.	We	need	
to	move	half	that	amount	(in	that	direction)	to	get	to	P:
xP	=	e	+	(m	–	e)/2.

Here,	it	pays	off	to	express	the	rules	algebraically	-	
although	students	might	find	it	challenging	to	transform	
one	expression	into	the	other.

You	might	challenge	students	to	come	up	with	an	‘easy’	
task	and	a	‘difficult’	task	(now,	or	for	homework).	It	
requires	some	insight	to	come	up	with	effective	ones.

You	might	want	to	make	this	decision	yourself,	but	it	can	
be	useful	for	students	to	evaluate	a	task	‘from	a	distance’	
rather	than	get	stuck	in	and	not	see	the	wood	for	the	
trees...

Here	we	are	back	to	a	rule	with	one	input	(or	independent	
variable),	x,	and	instead	of	dealing	just	with	x	coordinates,	
or	just	with	y	coordinates,	the	rule	maps	x	onto	y.

What	other	points	fit	the	rule,	in	addition	to	A,	B	and	P?
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Finding general rules
Because	of	the	geometric	nature	of	Cartesian	graphs,	it	is	
possible	to	solve	some	midpoint	tasks	in	a	purely	visual	
way	(for	example,	if	students	are	provided	with	a	graph	
showing	a	grid	and	if	the	given	endpoints	are	not	too	far	
apart	-	and	preferably	an	even	number	of	units	apart	in	
both	the	x	and	y	directions...).	
In	this	lesson	we	want	to	make	use	of	the	visual	and	of	
students’	geometric	knowledge	about	midpoints,	but	move	
to	an	analytic	approach	whereby	students	find	ways	of	
calculating	the	midpoint’s	coordinates.	To	this	end,	it	is	
worth	modifying	the	tasks	used	(eg	by	not	having	a	grid	
and	by	choosing	points	further	apart)	so	that	a	purely	visual	
approach	is	no	longer	adequate	(though	still	providing	
useful	support		to	the	students’	thinking	-	eg	in	terms	of	
assessing	whether	a	result	looks	reasonable).
Some	students	might	want	to	start	with	a	purely	visual	
approach	to	generate	a	set	of	answers,	and	then	adopt	an	
empirical	approach	by	looking	for	a	rule	that	fits	their	
numbers.	This	is	a	perfectly	good	fallback	strategy,	but	
initially	at	least	it	is	another	reason	for	moving	away	from	
versions	of	the	midpoint	task	that	can	be	solved	in	a	purely	
visual	way.	We	are,	as	usual,	trying	to	find	rules-with-
reasons,	ie	rules	based	on	properties,	on	structure.

Formulae and functions
In	this	lesson	we	are	considering	two	kinds	of	rules.	To	
find	the	x	coordinate	(and	similarly	the	y	coordinate)	of	
the	midpoint	between	two	given	points,	we	need	a	rule	
with	two	inputs,	namely	the	x	coordinates	of	the	two	
given	points.	On	the	other	hand,	the	rule	that	fits	the	two	
coordinates	of	each	of	our	three	points	has	a	single	input,	
the	x	coordinate	(which	is	mapped	on	to	the	y	coordinate	
by	the	rule).	Though	both	rules	are	functional	relationships,	
we	commonly	use	the	term	‘formula’	for	the	first	kind	of	
rule.

Algebraic expressions and brackets
The	lesson	again	provides	an	opportunity	to	create	
expressions	(using	quasi-variables	or	letters)	that	involve	
brackets.	For	example,	using	the	second	graph	on	page	1,	
where	the	given	points	are	A	(10,	23)	and	B	(100,	63),		
the	x	coordinate	of	the	midpoint	can	be	expressed	as	
10	+	(100	–	10)/2.	Or,	if	the	given	coordinates	are	(e,	f)	
and	(m,	n),	the	x	coordinate	of	the	midpoint	can	be	
expressed	as	e	+	(m	–	e)/2.	

Some	students	might	represent	the	brackets	
with	a	fraction	bar	(right),	and	it	is	worth	
discussing	this	(more	elegant?)	alternative	
with	the	class.

Algebra: Lesson 4B    Midpoints (continued)

Background

Choosing appropriate coordinates for points A 
and B
This	lesson	is	about	finding	the	midpoint	of	a	line	segment	
AB.	As	mentioned	in	the	preceding	sections,	it	is	worth	
thinking	carefully	about	what	coordinates	to	select	for	
the	endpoints	A	and	B.	We	provide	two	configurations	
to	choose	from:	A(1,	7)	and	B(5,	13)	on	a	grid,	or	A(10,	
23)	and	B(100,	63)	on	a	plain	background.	Consider	the	
first	configuration:	here	the	closeness	of	the	points	and	
the	presence	of	the	grid	provide	students	with	strong	
visual	support	for	finding	the	midpoint.	Further,	the	use	
of	numbers	that	are	all	odd	means	that	the	midpoint	has	
whole-number	coordinates.	You	might	want	to	vary	some	
of	these	features,	to	provide	more	or	less	numerical	and/
or	visual	support,	depending	on	the	understandings	of	
individual	students	or	the	class	as	a	whole.

Note	that	there	can	be	a	tension	here,	between	providing	
support	that	allows	students	to	solve	the	task	for	a	specific	
configuration,	and	allowing	sufficient	‘distance’	for	
students	to	be	able	to	see	what	is	going	on	in	general,	ie	to	
gain	insight	into	the	structure	of	the	task.
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