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Algebra: Lesson 4A

Points on a line

The diagram shows a straight line drawn through points P and Q.
P has coordinates (10, 100) and 
Q has coordinates (11, 103).

Another point A also lies on the line. 
Its x-coordinate is 5. 
Find the value of its y-coordinate.

Find different ways of getting the answer.

Outline of the lesson

1.	 Present	the	task	to	the	class.	If	need	be,	show	(or	
describe)	this	more	detailed	diagram	(right).	
•	 Ask	for	some	immediate	responses.	

•	 Explain	that	we	are	looking	for	a	variety	of	methods	
and	ask	students	to	work	on	the	task	in	small	groups.

2.	 Ask	students	for	their	answers	and	explanations.		
•	 Listen	to	a	variety	of	responses	but	focus	on	the	

non-algebraic	ones	initially.

•	 Shift	attention	to	finding	a	functional	relationship:	
“If	we	know	the	x-coordinate,	is	there	a	rule	for	
working	out	the	y-coordinate?”

3.	 Introduce	the	Cookery	Course	context.			
•	 “I	have	joined	an	evening	class	to	learn	Spanish	

cooking.	The	graph	we’ve	been	looking	at	is	about	
the	cost.	Thus	10	lessons	would	cost	me	£100,	and	
11	lessons	would	cost	me	£103,	etc.	If	I	tell	you	how	
many	lessons	I’ve	attended,	what	is	the	rule		
for	working	out	the	cost?”

•	 Discuss	ways	of	representing	the	rule.

4.	 Possible	extension:	modify	the	original	graph.			
For	example,	imagine	moving	Q	up	1	unit,	to	(11,	104).	
What	happens	to	A?	
What	happens	to	our	rule?

Summary

In	this	lesson,	we	start	with	(part	of)	a	Cartesian	graph,	and	consider	various	ways	in	which	points	on	the	graph	
can	be	found:	geometrically,	with	a	table,	and	algebraically.

For	the	algebraic	approach	we	are	looking	for	a	functional	relationship,	ie	a	rule	that	maps	x	onto	y	(rather	than	
a	scalar	rule	that	maps	one	value	of	x	onto	another	value	of	x,	and	does	the	same	for	corresponding	values	of	y).	
To	focus	students	on	this,	we	introduce	a	context	at	this	stage,	involving	a	cookery	course.
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Algebra: Lesson 4A    Points on a line (continued)

Overview

Students’ mathematical experiences
Students	may	discover	some	of	the	following

•	 when	we	know	the	coordinates	of	two	points	
on	a	straight	line,	there	are	ways	of	finding	the	
coordinates	of	other	points	on	the	line

•	 one	can	hop	along	a	line	in	regular	steps

•	 it	is	possible	to	find	a	function	rule	for	all	points	on	
a	line,	that	maps	the	x-coordinate	of	any	point	onto	
its	y-coordinate

•	 coordinates	needn’t	just	describe	points	in	space;	
they	can	also	refer	to	variables	like	‘number	of	
lessons’	and	‘total	cost	of	lessons’

Adapting the lesson
If	lots	of	students	are	stuck,	the	class	might	need	some	prompts.	One	way	of	doing	this	would	be	to	ask	someone	who	
has	a	fruitful	method,	to	reveal	their	starting-off	point	to	the	class	(eg,	“I	worked	out	that	a	point	with	coordinates	
(9,	97)	is	on	the	line...”).
The	Cookery	Course	context	should	make	the	task	more	accessible	to	some	students,	so	you	need	to	judge	when	to	
introduce	it.	However,	don’t	introduce	it	immediately	-	see	what	sense	students	make	of	the	pure	setting	first.

Assessment and feedback
When	introducing	the	task,	check	
whether	students	can	visualise	the	
axes	of	the	graph	and	the	approximate	
position	of	point	A.

Check	that	students	remember	the	
conventions	for	Cartesian	coordinates	
(eg	the	first	coordinate	measures	
‘across’	and	is	called	the	x-coordinate).

During	the	initial	group	work,	try	
to	pick	up	on	the	range	of	methods	
students	are	using,	so	that	you	can	
orchestrate	the	order	in	which	students	
report	on	their	methods	and	so	you	can	
give	initial	support	if	students	are	really	
stuck.	

Look	out	for	students	who	adopt	a	
purely	‘photographic’	approach,	and	for	
those	who	adopt	a	too	narrow	numerical	
approach	(eg,	P	is	(10,	100)	so	the	rule	
is	y	=	10x).

Are	students	aware	that	a	functional	
rule	for	the	coordinates	of	points	on	the	
line,	is	one	that	works	for	every	point	
on	the	line?

Mathematical ideas
Points	on	a	Cartesian	graph	represent	pairs	of	numbers.	Thus,	the	points	can	be	used	to	model	a	numerical	context	
involving	two	variables,	eg	the	cost	of	attending	various	numbers	of	lessons	on	a	cookery	course.	

For	points	are	on	a	straight	line,	it	is	possible	to	find	fairly	simple	rules	for	the	coordinates.	For	example,	if	one	point	is	
‘3	units	down	and	1	unit	to	the	left’	from	another	point,	then	a	further	move	of	‘3	down,	1	to	the	left’	will	locate	another	
point	on	the	line.	In	particular,	it	is	possible	to	find	a	functional relationship	between	the	x	and	y	coordinates.

Key questions
We	can	get	from	Q	to	P	by	going	“3	down,	1	to	the	left”	
lots	of	times.	Could	we	use	fewer	steps?

How	can	we	use	the	coordinates	of	points	P	and	Q	to	
find	the	y-coordinate	of	point	A?

If	we	know	the	x-coordinate	(of	a	point	on	the	line),	is	
there	a	rule	for	working	out	the	y-coordinate?

If	I	tell	you	how	many	cookery	lessons	I’ve	attended,	
what	is	the	rule	for	working	out	the	cost?
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Algebra: Lesson 4A    Points on a line (continued)

Outline of the lesson (annotated)

1.	 Present	the	task	to	the	class.	If	need	be,	show	(or	
describe)	the	more	detailed	diagram.	

•	 Ask	for	some	immediate	responses.	

•	 Explain	that	we	are	looking	for	a	variety	of	methods	
and	ask	students	to	work	on	the	task	in	small	groups.

2.	 Ask	students	for	their	answers	and	explanations.		

•	 Listen	to	a	variety	of	responses	but	focus	on	the	
non-algebraic	ones	initially.

•	 Shift	attention	to	finding	a	functional	relationship:	
“If	we	know	the	x-coordinate,	is	there	a	rule	for	
working	out	the	y-coordinate?”

3.	 Introduce	the	Cookery	Course	context.			
•	 “I	have	joined	an	evening	class	to	learn	Spanish	

cooking.	The	graph	we’ve	been	looking	at	is	about	
the	cost.	Thus	10	lessons	would	cost	me	£100,	and	
11	lessons	would	cost	me	£103,	etc.	If	I	tell	you	how	
many	lessons	I’ve	attended,	what	is	the	rule		
for	working	out	the	cost?”

•	 Discuss	ways	of	representing	the	rule.

4.	 Possible	extension:	modify	the	original	graph.			
For	example,	imagine	moving	Q	up	1	unit,	to	(11,	104).	
What	happens	to	A?	
What	happens	to	our	rule?

On	its	own,	the	small	‘patch’	of	graph	is	fairly	abstract.	It	
might	help	students	to	show	the	approximate	location	of	
the	axes	and	origin,	and	perhaps	also	of	the	point	A.

One,	geometric,	approach	is	to	‘step	down’	the	graph,	
using	the	observation	that	Q	to	P	is	‘3	down,	1	to	the	left’.	
So	the	next	point	down	has	coordinates	(9,	97),	then	
(8,	94),	and	so	on	till	(5,	85).
Some	students	might	list	these	coordinate	pairs	in	a	table.	
And	some	might	curtail	this	by	arguing	‘Point	A	is	5	to	the	
left	of	P,	so	it	is	5×3	down’.
If	you	have	sketched	the	position	of	A,	some	students	
might	try	to	read	its	coordinates	from	the	sketch,	ie	take	
the	sketch	too	literally.

Some	students	might	have	difficulty	distinguishing	
perfectly	good	rules	like	‘3	down	for	every	1	to	the	left’	
from	the	kind	of	rule	we	are	asking	for	here,	namely	a	
function	rule.
Some	students	might	not	appreciate	that	the	rule	has	to	
work	for	every	coordinate	pair;	for	example,	given
(10,	100),	they	might	go	for	a	×10	rule,	which	of	course	
does	not	work	for	Q	and	which	leads	to	an	answer	of	
(5,	50)	for	the	coordinates	of	A.

Changing	the	situation	in	this	kind	of	way	might	help	
students	to	generalise	what’s	going	on.
You	might	also	want	to	ask	about	where	the	original	line	
crosses	the	y	axis,	or	address	issues	of	continuity:	“What	
happens	if	I	stay	for	only	half	a	lesson?”

The	rule	can	be	expressed	in	a	variety	of	ways,	eg	as	a	
function	machine	(×3,	+70),	as	a	mapping	(x	→	3x+70),	as	
a	function	(f(x)	=	3x	+	70),	or	as	an	equation	(y	=	3x	+	70).

The	cookery	context	is	introduced	to	focus	students’	
attention	on	the	function	rule.		
If	students	are	stuck	you	might	want	to	give	them	a	clue:

I	had	to	pay	a	fee	to	join	the	course	and	then	pay	for	each	
lesson	I	attended.

Students’	immediate	responses	may	indicate	whether	they	
have	grasped	the	basic	setting	of	the	task.
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The nature and purpose of Cartesian graphs
In	contrast	to	earlier	lessons,	this	one	starts	with	a	
Cartesian	graph	(or	at	least	a	small	‘patch’	of	one).	One	
strength	of	a	graph	is,	of	course,	its	visual	quality,	which	
can	make	it	seem	very	tangible	(as	well	as	allowing	us	to	
represent	lots	of	information	simultaneously).
However,	this	very	property	can	lead	us	to	forget	that	we	
use	graphs	to	represent	relations	that	are	not	necessarily	
visual	at	all,	as	with	the	context	introduced	during	this	
lesson,	of	a	cookery	course	(with	the	relation	between	
‘number	of	lessons	attended’	and	the	‘total	cost’).
For	many	students,	graphs	don’t	seem	to	be	about	
anything:	not	only	do	they	often	lack	a	context,	but	
students	often	don’t	realise	that	a	graph	(in	this	case	
a	simple	straight	line)	is	really	a	collection	of	points	
(and	often	an	infinite	set	of	points),	and	that	there	
is	a	relationship	between	the	two	coordinates	of	all	
these	points,	and	so	the	line	is	a	representation	of	this	
relationship.
In	this	lesson	we	start	with	such	a	‘pure’	graph,	which	may	
induce	this	sense	of	being	adrift.	However,	in	the	course	of	
the	lesson	students	are	reminded	

•	 that	the	given	line	represents	more	than	just	the	two	
points	used	to	define	it

•	 that	the	coordinates	of	points	on	the	line	obey	rules		
•	 that	the	points	can	be	used	to	represent	a	
relationship	between	variables	from	a	‘real’	context	
such	as	the	Cookery	Course	(see	comment,	right).

Rules, functional relationships and notation
In	this	lesson	students	get	the	opportunity	to	encounter	a	
variety	of	rules	to	describe	the	coordinates	of	points	on	
our	particular	straight	line:	informal,	grounded	rules	like	
‘if	you	go	1	to	the	right	you	have	to	go	up	3	to	stay	on	the	
line’,	or	more	general	‘scalar’	rules	like	this:	‘if	you	go	
e	units	to	the	right,	you	have	to	go	up	3e	units	to	say	on	
the	line’.	The	later	emphasis	in	the	lesson	is	on	finding	a	
functional	rule,	ie	a	rule	that	maps	the	x-coordinate	onto	
the	y-coordinate,	for	any	point	on	our	given	line.	Here	
there	is	an	opportunity	to	consider	different	notation	for	the	
rule,	eg
function	machine	notation:	 ×3,	+70	
mapping	notation:		 x	→	3x +	70	
function	notation:		 f(x)	=	3x	+	70	
or	equation	notation:		 y	=	3x	+	70.

Of	course,	the	function	in	our	example	is	commonly	called	
a	linear	function,	as	it	describes	the	coordinates	of	points	
on	a	straight	line.	Such	a	relation	is	of	the	form	y	=	ax	+	b	
(or	y	=	mx	+	c),	and,	as	we	know,	the	value	of	a	gives	the	
gradient	of	the	straight	line	and	the	value	of	b	gives	the	
y-intercept.	However,	you	may	not	want	to	pursue	these	
aspects	of	the	functional	relationship	here.

Algebra: Lesson 4A    Points on a line (continued)

Background

Note on linear and affine functions

Functions	of	the	form	f(x)	=	ax	+	b,	are	called	affine	functions	by	
some	writers.	They	reserve	the	term	linear	function	for	functions	
of	the	form		f(x)	=	ax.	The	latter	have	these	two	important	
properties,	which	are	key	features	of	proportion	relationships:
f(kx)	=	kf(x)		and		f(x	+	y)	=	f(x)	+	f(y).

Thus	for	example,	if	I	travel	at	a	constant	speed	and	it	takes	me		
4	seconds	to	cover	30m,	
then	in	5×4	seconds	I	cover	5×30m,	
and	in	4	seconds	+	20	seconds	I	cover	30m	+	150m.

Note	that	this	does	not	work	in	the	Cookery	Course	context:
If	10	lessons	cost	me	£100,	
20	lessons	don’t	cost	£200;	
and	10+11	lessons	don’t	cost	£100	+	£103.	
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Consider	what	the	features	of	this	graph	represent	in	the	
context	of	the	Cookery	Course.	In	particular,	consider	the	
meaning	conveyed	by	points	P	and	Q,	by	the	slope	of	the	
line,	and	by	the	y-intercept.


