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Algebra: Lesson 3A

Row of tiles

A single row of white tiles is surrounded  
by a double layer of grey tiles.
In this pattern there are 10 white tiles.

Imagine the pattern with 50 white tiles. 
How many grey tiles will there be?
Use this sketch to help you. 

Find different ways of calculating the answer.

Outline of the lesson

1.	 Present	the	task	to	the	class,	including	the	schematic	diagram	of	50	white	tiles.		
•	 Ask	for	some	quick	estimates	for	the	number	of	grey	tiles	(for	50	white	tiles).	
•	 Ask	students	for	an	efficient	way	to	work	out	the	answer	(individually	or	in	groups).	
•	 Share	students’	methods.	Try	to	collect	at	least	three	different	successful	methods.

2.	 Use	open	expressions.		
•	 Discuss	how	to	use	open	expressions	to	record	the	methods.	

Write	them	on	the	board,	eg	4×50	+	4×5.

•	 Compare	expressions.	
Discuss	how	one	can	transform	the	expressions	to	show	they	are	equivalent.	

3.	 Create	open	expressions	for	100	and/or	n	white	tiles.			
•	 Ask	students	to	work	on	this	individually	or	in	groups.	

Share	expressions	on	the	board.

4.	 Possible	extension:	the	‘next’	pattern.			
•	 Consider	the	pattern	with	100	white	tiles,	say.	Ask	students	about	the	‘next’	pattern	

(ie	101	white	tiles,	424	grey	tiles).	How	many	extra	grey	tiles	will	it	have?	Imagine	
representing	the	pair	of	patterns	as	two	points	on	a	graph	(points	P	and	Q,	right).

5.	 Possible	extension:	draw	a	pattern	for	2n	+	6.

Summary

The	main	purpose	of	this	lesson	is	to	create	equivalent algebraic expressions	for	a	general	relationship	(in	this	
case	between	numbers	of	white	tiles	and	grey	tiles).

It	is	common	practice	to	find	a	general	relationship	by	considering	several	examples.	The	‘double	layer’	pattern	
has	been	chosen	because	it	is	easy	to	describe	and	to	produce,	without	having	to	show	lots	of	examples.	Put	
another	way,	examples	of	the	pattern	are	not	defined	by	their	position	in	a	sequence.	This	allows	us	to	adopt	a	
generic	approach	in	this	lesson,	where	we	look	for	the	general	in	a	single,	‘typical’	example,	eg	a	pattern	with	
50	white	tiles.

P (100, 420)

Q 

4×50 + 4×5

4×(50+4) + 2×2

5×(50+4) – 50

Note: These materials are the subject of ongoing research and are made available on request to teachers 
as draft trial materials only.  Please	send	feedback	to	Jeremy.Hodgen@kcl.ac.uk	or	Dietmar.Kuchemann@kcl.ac.uk
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Algebra: Lesson 3A    Row of tiles (continued)

Overview

Students’ mathematical experiences
Students	may	discover	some	of	the	following

•	 if	there	are	instructions	for	constructing	a	geometric	
pattern,	it	is	sometimes	possible	to	see	its	structure	
by	looking	closely	at	a	single	example

•	 a	pattern’s	structure	can	be	construed	in	different,	
equivalent,	ways

•	 expressions	can	be	transformed	into	equivalent	
expressions,	eg	by	expanding	brackets	and	
simplifying

Adapting the lesson
	When	transforming	open	expressions	like	4(50	+	4)	+	4	into	4×50	+	4×4	+	4	and	then	into	4×50	+	20,	some	numbers	
get	combined	but	some	(in	this	case	the	50)	do	not.	Here	the	50	stands	for	the	number	of	white	tiles	and	is	operating	as	
a	quasi	variable.	It	might	be	worth	constructing	the	corresponding	algebraic	expressions	alongside	the	open	expression	
[eg	write	4(n	+	4)	+	4	next	to	4(50	+	4)	+	4].	

You	could	ask	students	to	make	up	their	own	patterns	-	though	it	can	be	challenging	to	devise	truly	structured	patterns	
that	are	easy	to	describe	and	not	dependent	only	on	position	in	a	sequence.

Assessment and feedback
The	first	pattern	that	students	are	shown	
has	10	white	tiles	and	60	grey	tiles.	
Some	students	might	infer	from	this	
that	the	number	of	grey	tiles	is	always	
6	times	the	number	of	white	tiles.	
However,	this	is	a	purely	numerical	rule	
which	ignores	the	structure	of	the	tile	
pattern.	We	have	deliberately	chosen	
this	10,	60	pattern	to	highlight	this	
issue,	which	you	might	want	to	address	
with	your	students,	and	it	is	worth	
checking	whether	any	students	are	
approaching	the	task	in	this	way.

If	lots	of	students	are	stuck	initially,	
you	might	need	to	shown	them	a	first	
rule	for	finding	the	number	of	grey	tiles	
(for	50	white	tiles).	You	might	also	
consider	using	smaller	numbers	or	a	
simpler	pattern,	but	be	wary	of	doing	
this:	the	geometric	structure	may	not	be	
so	obvious	with	smaller	numbers,	and	a	
simpler	pattern	might	be	rather	trivial.	
It	is	worth,	though,	having	alternative	
patterns	available	as	a	fallback,	eg	a	
single	row	of	n	white	tiles	surrounded	
by	a	single	layer	of	grey	tiles	(2n+6).	
[See	page	4	for	further	examples.]

Mathematical ideas
In	this	lesson	we	use	a	tile	pattern	whose	structure	can	be	construed	in	different	ways.	This	allows	us	to	construct	
equivalent	expressions	for	the	structure.	It	also	provides	an	incentive	to	check	that	the	expressions	really	are	equivalent,	
which	can	done	using	the	laws	of	arithmetic	to	transform	one	expression	into	another,	eg	by	expanding	brackets	and	
simplifying.

The	approach	is	generic,	and	we	are	trying	to	find	rules	based	on	a	geometric	pattern,	not	on	pure	number	patterns.

Key questions
If	there	are	50	(say)	white	tiles,	how	can	we	calculate	
the	number	of	grey	tiles?

Are	there	other	ways?

Can	we	write	an	expression	for	the	number	of	grey	
tiles?

If	we	add	a	white	tile,	how	many	grey	tiles	are	needed?

How	could	we	use	this	open	expression	[4(50	+	4)	+	4,	
say]	for	25	white	tiles?	(Note:	the	answer	is	not	‘halve	
all	the	numbers’!)
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Algebra: Lesson 3A    Row of tiles (continued)

Outline of the lesson (annotated)

1.	 Present	the	task	to	the	class,	including	the	
schematic	diagram	of	50	white	tiles.		

•	 Ask	for	some	quick	estimates	for	the	number	of	
grey	tiles	(for	50	white	tiles).	

•	 Ask	students	for	an	efficient	way	to	work	out	the	
answer	(individually	or	in	groups).	

•	 Share	students’	methods.	Try	to	collect	at	least	
three	different	successful	methods.

2.	 Use	open	expressions.		
•	 Discuss	how	to	use	open	expressions	to	record	the	

methods.	
Write	them	on	the	board,	eg	4×50	+	4×5.

•	 Compare	expressions.	
Discuss	how	one	can	transform	the	expressions	to	
show	they	are	equivalent.	

3.	 Create	open	expressions	for	100	and/or	n	white	
tiles.			
•	 Ask	students	to	work	on	this	individually	or	in	

groups.	
Share	expressions	on	the	board.

4.	 Possible	extension:	the	‘next’	pattern.			
•	 Consider	the	pattern	with	100	white	tiles,	say.	Ask	

students	about	the	‘next’	pattern	(ie	101	white	tiles,	
424	grey	tiles).	How	many	extra	grey	tiles	will	it	
have?	Imagine	representing	the	pair	of	patterns	as	
two	points	on	a	graph	(points	P	and	Q,	right).

5.	 Possible	extension:	draw	a	pattern	for	2n	+	6.

You	might	ask,	
“Will	there	be	more	than	100	grey	tiles?”,	
“More	than	500?”,	etc.

The	choice	of	a	large	number	like	50	is	deliberate.	Small	
numbers	don’t	show	the	structure	so	well	and	can	lead	to	
students	spotting	spurious	numerical	patterns.

If	students	have	difficulty,	ask:	
Can	you	instruct	me	how	to	draw	the	pattern	without	
saying	‘draw	a	double	layer’?	Or	ask:
How	can	I	work	out	the	number	of	grey	tiles	without	
counting	every	one?

If	students	don’t	spot	one	of	the	approaches,	try	to	prompt	
it	by,	for	example,	drawing	a	5	by	(50+4)	rectangle	and	
asking:	How	could	I	work	out	how	many	tiles	in	this	
rectangle	should	be	grey?

You	might	decide	to	go	straight	to	n	white	tiles,	or	only	
consider	the	case	of	100	white	tiles.

Again,	it	is	possible	to	find	a	variety	of	(equivalent)	
expressions	for	the	number	of	grey	tiles,	eg
for	100	white	tiles:	 	 for	n	white	tiles:

4×100	+	20	 	 4n	+	20
4(100	+	4)	+	4	 	 4(n	+	4)	+	4	
5(100	+	4)	–	50	 	 5(n	+	4)	–	n

This	is	very	open	and	quite	challenging.	One	possible	
configuration	is	a	row	of	
white	tiles	surrounded	by	a	
single	layer	of	grey	tiles.

Can	one	re-interpret	the	
resulting	pattern	as	
2(n	+	3)?

Every	extra	white	tile	requires	4	extra	grey	tiles.	If	we	plot	
points	on	a	Cartesian	graph,	with	their	coordinates	(x,	y)	
representing	(number	of	white	tiles,	number	of	grey	tiles),	
then	the	‘next’	point	will	be	‘1	across,	4	up’.
This	has	direct	links	with	‘gradient’	and	with	the	
multiplier	in	the	expressions	4×100	+	20,	4n	+	20,	etc.

For	example,	
4(50	+	4)	+	4		can	be	expanded	to		4×50	+	4×4	+	4
then	simplified	to		4×50	+	20



© ICCAMS 2012page 4

FOR TRIAL ONLY

Equivalent structure and expressions
It	is	often	possible	to	construe	(and	express)	a	pattern	in	
different	ways,	as	here	for	our	original	pattern	with	50	
whitel	tiles:	
•	2	rows	of	50	grey	tiles	above	the	row	of	white	tiles	and	2	rows	
below,	plus	10	grey	tiles	at	each	end	[4×50	+	20]

•	2	rows	of	(50+4)	grey	tiles	above	the	row	of	white	tiles,	and	2	
rows	below,	plus	2	grey	tiles	at	each	end	[4(50	+	4)	+	4]

•	a	block	of	(50+4)	by	5	tiles	of	which	50	are	white		
[leaving	5(50	+	4)	–	50	grey	tiles].

	Thus,	such	patterns	provides	a	fruitful	context	for	working	
with	equivalent	algebraic	expressions:	students	have	
the	challenge	of	finding	different	ways	to	structure	the	
pattern,	and	to	express	these	algebraically;	they	then	have	
an	incentive	for	using	and	developing	their	manipulation	
skills,	in	order	to	check	that	the	expressions	are	equivalent.

Different representations of structure
Here	is	a	more	succinct	version	of	the	second	structuring	
listed	above:
•	4	rows	of	(50+4)	grey	tiles,	plus	2	grey	tiles	at	each	end.

We	can	represent	such	a	structuring	in	different	but	
equivalent	ways.	For	example,	geometrically	or	by	using	
generic	or	algebraic	symbolisation:		

Generalising patterns
Much	of	the	work	on	generalising	that	we	give	students	is	
purely	numerical.	For	example,	we	present	a	sequence	like	
20,	24,	28,	32,	...,	and	ask	them	to	find	a	term-to-term	and	
position-to-term	rule	that	fits	the	numbers	(eg,	‘add	4’	and	
‘20	+	4(n–1)	or	16	+	4n’	respectively).

In	this	lesson	we	are	concerned	with	generalising	a	pattern	
that	has	a	context,	in	this	case	a	geometric	pattern	of	white	
and	grey	tiles.	One	approach	to	is	to	turn	this	into	a	purely	
numerical	task,	by	considering	specific	numbers	of	white	
(and	grey)	tiles,	listing	them	in	a	table,	and	then	finding	a	
rule	that	fits	the	numbers	in	the	table.	For	some	patterns	
this	may	be	the	only	viable	approach.	However,	rather	than	
abandoning	the	context	in	this	way,	we	can	often	see	a	
pattern’s	structure	by	examining	a	single,	typical	example,	
ie	by	adopting	a	generic	approach,	which	is	what	we	do	in	
this	lesson.

It	is	worth	noting	that	we	often	identify	members	of	a	geometric	
pattern	by	their	position	(rather	than	by	direct,	numeric	features),	
as	in	this	growth	pattern	of	L-shapes.

Algebra: Lesson 3A    Row of tiles (continued)

Background

Given	such	a	sequence	it	
is	hard	to	resist	counting	
the	numbers	of	tiles	and	
tabulating	the	result!	And	
it	is	difficult	to	treat	such	
patterns	generically,	since	
individual	members	are	not	
defined	in	terms	of	their	own	features,	but	only	in	relation	to	their	
neighbours.	(However,	one	can	get	round	this	for	the	L-shapes,	
by	showing	several	non-ordered	examples,	and	identifying	them	
by	a	feature	such	as	their	base,	which	would	then	allow	questions	
like,	“How	many	tiles	are	needed	altogether	for	an	L-shape	whose	
base	consists	of	100	tiles?”.	Note	though,	that	both	variables	
here	refer	to	white	tiles,	which	is	not	as	clear	as	using	different	
coloured	tiles,	as	in	our	example).	

Generalised number, variable and quasi-variable
As	we	are	adopting	a	generic	approach	in	this	lesson,	ie	
generalising	on	the	basis	of	single	examples	of	a	pattern	
rather	than	a	sequence	of	examples,	it	could	be	said	that	
we	are	working	with	generalised	number	here,	rather	than	
variable	(although	we	do	suggest	switching	to	a	variables	
focus	towards	the	end	of	the	lesson,	when	we	consider	
what	happens	as	the	number	of	white	tiles	changes).	

Examples	of	other	white	→	grey	tile	patterns	that	could	be	
made	to	work	generically	(if	described	clearly	enough...)

White	stepping	stones

Bridge	over	a	row	of	white	tiles

Square	of	tiles	with	a	white	base

Double	square	of	tiles	with	a	white	
base

Isosceles	triangle	with	a	white	
hypotenuse

1st 2nd 3rd 4th

Generic symbolisation: (50+4)×4 + 2×2
Algebraic symbolisation:    4(n+4) + 2×2


