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Algebra: Lesson 2B

Think of a number

Jo is using the function machines in this diagram:

He thinks of a number. 
He multiplies his number by 4, then adds 50 to the result.

Jo starts with his original number again.
This time he first adds 50, then multiplies the result by 4.

Think about Jo’s final results.
What can you say about them? What’s going on?

Outline of the lesson
1.	 Ask	the	class	whether	they	think	×4,	+50	and	+50,	×4	

will	give	the	same	output	for	the	same	input.	
•	 Each	student	should	try	one	or	two	specific	inputs.	Record	

their	results	in	a	table	and	note	the	constant	difference	of	
150	between	pairs	of	outputs.

•	 With	the	class,	consider	an	input	of	100.
•	 In	pairs,	then	as	a	class,	discuss:	“How	come	the	difference	

is	always	150?”	Record	all	their	explanations	on	the	board.
•	 If	no	one	suggests	it,	write	these	open	expressions	on	the	

board:	100×4	+	50	and	(100+50)	×	4.	
How	do	these	help	to	explain	that	the	difference	is	150?

2.	 Ask	the	class	to	compare	×3,	+10	and	+10,	×3.	
Will	the	outputs	have	a	constant	difference?		
•	 Students	discuss	the	task	in	small	groups	and	try	to	come	

up	with	a	result,	a	rule	and	an	explanation.
•	 Gather	a	wide	selection	of	explanations.
•	 With	the	class,	consider	an	input	of	100,	as	above.		
•	 Choose	a	symbol	for	the	input	(eg	?,	∆,	N	or	x).

Write	expressions	for	the	outputs,	
eg	(N×3)	+	10	and	(N+10)	×	3.
Do	these	help	to	explain	that	the	difference	is	20?

3.	 Use	a	peer	assessment	task	to	explain	why	order	
matters.
•	 Choose	peer	assessment	task	P	or	Q.	

Ask	students	to	work	on	the	task	in	pairs.		
Discuss	their	ideas.	

Summary
In	this	lesson,	we	examine	the	effect	of	changing	the	order	of	two	operations	(a	multiplication	and	an	addition).	
We	compare	a	pair	of	function	machines:	×4,	+50	and	+50,	×4	(which	always	produce	a	difference	of	150).	
Later	we	compare	×3,	+10	and	+10,	×3	(which	always	produce	a	difference	of	20).
The	prime	aim	is	not	to	calculate	outputs	but	to	examine	how	multiplication	and	addition	combine	(which	
effectively	means,	to	look	at	the	distributive	property	of	multiplication	over	addition).	To	further	this,	we	make	
use	of	open	and	algebraic	expressions	(some	with	brackets).
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Algebra: Lesson 2B    Think of a number (continued)

Overview

Students’ mathematical experiences
Students	evaluate	their	own	and	others’	explanations.

They	may	discover	some	of	the	following:

•	 when	multiplication	and	addition	are	combined,	the	order	
matters

•	 multiplication	is	distributive	over	addition

•	 switching	the	order	of	the	function	machine	×4	then	+50,	
changes	the	output	by	50×4	–	50,	ie	by	50×(4–1)

•	 we	can	use	open	expressions	to	describe	function	
machines.	For	example,	
×3	then	+10	can	be	written	as	100×3	+	10	for	an	input	of	
100,	or	as	3N	+	10	for	an	input	of	N.

•	 we	can	use	visual	representations	for	function	machines.	
For	example,	

Adapting the lesson
You	might	want	to	try	other	kinds	of	numbers	for	the	multiplication	and	addition	operations,	such	as	×80	and	+2,	or	
×10	and	+0.5,	or	×0.1	and	+100.	Or	you	might	want	to	try	other	operations	(such	as	division	and	addition,	or	division	
and	another	division),	perhaps	to	see	whether	there	are	cases	where	the	order	of	the	operations	does	not	matter.
Note:	In	this	‘function	machine’	context,	the	order	does	not	matter	in	the	case	of	the	same	operation,	eg	÷12	followed	by	÷3	is	the	
same	as	÷3	followed	by	÷12,	as	they	are	both	equivalent	to	÷36.	Put	another	way,	(a÷12)÷3	=	(a÷3)÷12.	However,	(a÷12)÷3	is	not	
the	same	as	a÷(12÷3),	and	similarly	(a÷3)÷12	is	not	the	same	as	a÷(3÷12).

Mathematical ideas
The	ideas	in	this	lesson	hinge	on	the	fact	that	multiplication	is	distributive	over	addition:			
(a	+	b)	×	c		=		(a	×	c)		+		(b	×	c).
In	this	lesson,	we	help	students	develop	a	‘feel’	for,	and	some	degree	of	insight	about,	the	effect	of	swapping	the	order	
of	operations.	Students	are	asked	to	help	each	other	explain,	justify	and	prove	their	ideas.	

The	students	are	encouraged	to	work	with	open	expressions	in	order	to	reveal	structure.	This	is	a	precursor	for	later	
lessons	on	algebraic	manipulation	and	brackets.

Key questions
Why	does	switching	the	order	produce	a	different	result	for	
addition	and	multiplication?

Is	there	a	rule	for	the	constant	difference?

How	can	I	change	‘this’	open	expression	with	brackets	to	an	
open	expression	without	brackets?

100

10
10100

Assessment and feedback
Most	students’	explanations	will	not	
be	perfect.	Some	may	be	“incorrect”	in	
some	way.	In	this	lesson,	the	focus	is	
on	peer	assessment.	We	have	provided	
two	options.	One	asks	students	to	help	
another	student	respond	to	a	teacher’s	
comment.	The	other	examines	way	of	
re-wording	and	improving	explanations.	

You	might	choose	to	do	one	or	both	
of	these	activities.	It	is	likely	that	the	
first	of	these	will	be	richer	but	will	take	
longer.	

If	this	is	the	first	time	that	students	have	
done	this,	they	will	find	it	difficult	to	
get	started.	Ask	them	to	talk	in	pairs,	
then	share	some	of	their	ideas	as	a	class,	
then	ask	them	to	talk	in	pairs	again.	

You	might	follow	up	this	paired	and	
whole	class	discussion	by	asking	them	
to	finish	the	task	for	homework	either	
individually	or	in	pairs.
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Algebra: Lesson 2B    Think of a number (continued)

Outline of the lesson (annotated)

1.	 Ask	the	class	whether	they	think	×4,	+50	and	+50,	×4	
will	give	the	same	output	for	the	same	input.	
•	 Each	student	should	try	one	or	two	specific	inputs.	

Record	their	results	in	a	table	and	note	the	constant	
difference	of	150	between	pairs	of	outputs.

•	 With	the	class,	consider	an	input	of	100.
•	 In	pairs,	then	as	a	class,	discuss:	“How	come	the	

difference	is	always	150?”	Record	all	their	explanations	
on	the	board.

•	 If	no	one	suggests	it,	write	these	open	expressions	on	
the	board:	100×4	+	50	and	(100+50)	×	4.	
How	do	these	help	to	explain	that	the	difference	is	150?

2.	 Ask	the	class	to	compare	×3,	+10	and	+10,	×3.	
Will	the	outputs	have	a	constant	difference?		
•	 Students	discuss	the	task	in	small	groups	and	try	to	

come	up	with	a	result,	a	rule	and	an	explanation.

•	 Gather	a	wide	selection	of	explanations.

•	 With	the	class,	consider	an	input	of	100,	as	above.		

•	 Choose	a	symbol	for	the	input	(eg	?,	∆,	N	or	x).
Write	expressions	for	the	outputs,	
eg	(N×3)	+	10	and	(N+10)	×	3.
Do	these	help	to	explain	that	the	difference	is	20?

3.	 Use	a	peer	assessment	task	to	explain	why	order	
matters.
•	 Choose	peer	assessment	task	P	or	Q.	

Ask	students	to	work	on	the	task	in	pairs.		
Discuss	their	ideas.	

There	are	likely	to	be	some	lively	opinions	on	this.	Ask	for	
students’	views	but	don’t	resolve	the	question	yet.	

The	students’	data	should	suggest	that	the	difference	
is	always	150.	This	raises	the	questions	‘Why	150?’	
and	‘Will	this	always	be	true?’.	Alert	students	to	these	
questions,	and	that	you	will	return	to	them	later.

Give	the	class	time	to	think	about	the	outputs,	but	
encourage	them	to	approach	this	mentally,	without	any	
jottings	(ie	to	try	to	keep	everything	in	mind).	It	is	hoped	
that	the	choice	of	the	large	(but	simple)	input	will	help	
students	see	how	the	operations	interact.
Work	through	the	calculations	and	write	the	outputs	(450	
and	600)	on	the	board.	Confirm	that	the	difference	is	150.

Give	lots	of	students	a	chance	to	voice	their	explanations.	
You	can	then	start	to	interrogate	the	explanations,	but	you	
will	need	to	judge	how	much	of	this	you	do	now	and	how	
much	you	do	during	the	next	steps	in	the	lesson.	

Again,	give	the	class	time	to	think	about	the	outputs,	but	
discourage	any	jottings.	Again,	it	is	hoped	that	the	choice	
of	the	large	(but	simple)	input	will	help	students	see	how	
the	operations	interact.
Then	work	through	the	calculations	with	the	class	and	as	
you	do	so,	write	the	two	open	expressions	on	the	board.	
Students	might	say	‘do	the	brackets	first’	and	so	instead	of	
transforming	(100+10)×3	to	(100×3)	+	(10×3),	they	might	
change	it	to	110×3,	which	loses	the	structure.

Here	we	move	towards	algebraic	symbolisation.	You	
will	need	to	decide	how	far	to	take	this,	and	how	closely	
the	expression	should	match	the	function	machine	
representation	or	conventional	notation.	For	example,	do	
we	represent	the	first	machine	
like	this		N×3	+	10,	or	this		3×N	+	10,	or	this		3N	+	10	?
It	is	hoped	that	the	algebraic	expressions	will	help	
students	see	the	structure	of	the	outputs,	and	so	give	a	
purpose	to	algebraic	symbolisation.

The	result	might	be	expressed	as	‘a	constant	difference	of	
20’;	the	rule	as	‘difference	=	2×10’		or	‘(3–1)×10’.

Decide	which	task	to	use.	Task	P	might	require	more	time,	
but	Task	Q	might	be	more	demanding.

In	Task	P,	some	students	might	simply	spot	that	21	=	3×7;	
others	might	spot	that	21	=	(4–1)×7	and	21	=	(8–1)×3,	and	
some	might	also	have	some	insight	into	why	this	is	so.

Task	Q	shows	explanations	by	a	student	who	has	some	
insight	about	our	first	pair	of	function	machines,	though	
the	explanations	are	not	entirely	clear.	Students	are	asked	
to	think	about	the	explanations	and	how	to	improve	them.
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Algebraic structure and the laws of arithmetic
In	this	lesson	we	again	examine	how	a	pair	of	operations	
(multiplication	and	addition)	interact.	Order	matters	
for	this	pair	because	multiplication	is	distributive	over	
addition.

Explanation and proof
Here	we	compare	outputs	of	the	form	ax	+	b	and	(x	+	b)a.	

Their	difference	is	b(a	–	1),	which	can	of	course	be	proved	
algebraically:
(x	+	b)a	–	(ax	+	b)	=	ax	+	ab	–	ax	–	b	=	ab	–	b	=	b(a	–	1).

We	move	tentatively	towards	such	a	proof	in	this	lesson,	
but	suggest	adopting	a	numerical	approach	to	start	with,	
and	to	gradually	look	for	rules-with-reasons.	The	balance	
of	the	approach	you	use	will	depend	on	the	class	and	on	
students’	responses	during	the	lesson.

In	the	case	of	the	outputs	for	the	×3,	+10	and	+10,	×3	
function	machines,	where	the	difference	is	always	20,	
students	might	give	a	rule/reason	like	this	initially:

In	the	first	machine	you	add	one	10.	In	the	second	machine	
you	add	3	lots	of	10,	so	you	have	added	(3	–	1)	extra	10s.

Later,	students	might	come	up	with	something	like	this:
For	an	input	of	100,	
the	first	machine	has	an	output	of	100×3	+	10;	
the	second	has	an	output	of	(100+10)	×	3		or		100×3	+	10×3.	
The	difference	is	10×3	–	10,	which	is	10×(3–1).
Or
for	an	input	of	N,	
the	first	machine	has	an	output	of	3N	+	10;	
the	second	has	an	output	of	3(N+10)		which	is		3N	+	3×10.	
The	difference	is	(3–1)×10.

Generalised number and variable
We	are	working	more	in	the	realm	of	generalised	number	
than	variable	in	this	lesson.	We	don’t	consider	a	systematic	
set	of	inputs	(although	that	would	be	a	perfectly	viable	
strategy).	

Take	the	function	machines	×3,	+10	and	+10,	×3.	
Here	we	are	not	primarily	interested	in	the	input	(which	
is	multiplied	by	3	in	both	machines).	Though	we	have	to	
keep	the	input	in	mind,	our	focus	is	on	the	fact	that	in	the	
first	machine	we	add	10	while	in	the	second	we	add	10×3.	
Thus,	we	are	trying	to	adopt	a	generic	approach.	Though	
we	are	considering	specific	numerical	inputs	and	outputs,	
we	want	students	to	focus	on	the	structure	of	multiplication	
and	addition,	not	just	on	their	numerical	results.	We	hope	
students	will	see	the	general in the particular,	especially	
when	we	use	large	(albeit	simple)	numbers.
[An	alternative,	more	dynamic,	approach	involving	the	notion	of	
variable,	would	be	to	note	what	happens	when	the	input	changes.	
In	contrast	to	Boat	Hire,	say,	here	the	two	outputs	will	always	
change	in	identical	ways	(namely	by	2	times	the	change	in	the	
input).	This	means	there	is	a	constant	difference	between	the	two	
outputs.	This	can	be	seen	nicely	on	the	Cartesian	graph.]

Algebra: Lesson 2B    Think of a number (continued)

Background

Students create algebraic expressions and use 
brackets
In	the	lesson	we	make	use	of	the	quasi-variable	100,	
in	open	expressions	like	100×3	+	10,	and	move	towards	
the	creation	of	algebraic	expressions	like	3N	+	10	and	
3(N+10).	How	far	you	take	this	and	how	much	weight	you	
give	it	will	depend	on	the	class	and	the	feedback	you	get	
from	them.	The	aim	is	that	students	will	begin	to	see	that	
algebraic	expressions	help	reveal	structure	and	allow	one	
to	prove	rules.

In	developing	the	algebraic	expressions,	you	will	need	
to	decide	how	closely	they	should	mirror	the	function	
machines	from	which	they	arise	and	how	far	you	move	
towards	conventional	algebraic	notation.	Thus,	for	the	
function	machine	×3,	+10	you	might	move	from	the	
algebraic	expression		N×3	+	10		to		3×N	+	10		to		3N	+	10.

The	work	provides	a	good	opportunity	to	use	brackets	and	
to	gain	an	understanding	of	how	they	can	be	expanded.

Peer assessment, marking and comments
Peer	assessment	provides	opportunities	for	students	to	help	
or	advise	each	other,	which	can	be	mutually	beneficial.	
However,	Students	need	help	and	training	to	do	this.	

We	offer	two	peer	assessments	tasks	that	could	be	used	
in	this	lesson.	If	there	is	time,	we	suggest	using	task	P	
towards	the	end	of	the	lesson.	This	is	probably	best	done	in	
small	groups,	eg	in	pairs.	The	task	makes	the	point	that	we	
want	to	go	beyond	merely	generating	numerical	examples.	
At	the	same	time,	it	allows	students	to	consolidate	the	
understanding	that	they	have	achieved	through	the	work	so	
far,	by	presenting	pairs	of	functions	that	are	similar	to	but	
slightly	different	from	those	considered	in	the	lesson.

Task	Q	is	perhaps	more	demanding,	in	that	it	is	presented	
in	a	more	condensed	way	and	involves	a	fairly	general	
argument.	However,	it	underlines	the	importance	of	trying	
to	understand	each	other’s	ideas	and	of	expressing	ideas	
clearly.	

You	might	want	to	introduce	other	commments	for	students	
to	evaluate	(ones	that	you’ve	encountered	in	this	or	another	
class,	or	ones	that	you	have	made	up).	For	example,	in	
Task	P	one	could	ask	students	to	evaluate	this	explanation:
In	the	first	pair	you’ve	got	3	extra	7s,	in	the	second	pair	you’ve	
got	7	extra	3s.
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Algebra: Lesson 2B    Think of a number (continued)

Task Q
A	student	was	asked	about	these	two	function	machines.
This	is	what	she	said:

If you plus 10 first [second machine], and then you triple 
it..., well, you’re going to get 20 extra; it will only be 20 
extra, because you already have 10 there [first machine].
If you times 2 by 3 it will be 6, plus 10 is 16 [first machine]. 
Then if you do it on the second one, 2 plus 10 is 12, so 
you’ve got more to triple, so you times it by 3 which is 36, 
and you had 16 there [first machine], so there’s 20 extra.

Read	her	explanations	carefully.	
Try	to	understand	what	she	is	saying.	
How	coud	you	help	her	improve	her	explanations?

Task P
This	work	was	done	by	a	
Year	8	student.

His	teacher	has	written:	
Can you explain why the 
different flow charts give 
the same pattern of ‘+21’?

Look	at	the	student’s	
work.	Discuss	how	you	
could	help	him	answer	the	
teacher’s	question.

output×3

×3 output

input

+10

+10


